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Abstract

The study of mantle convection is one of the most important topics in geodynamics. Mantle
convection causes the transfer of internal heat to the cold parts of the Earth, and the effects of this
heat transfer are observed as the motion of tectonic plates on the Earth's surface. Earthquakes,
volcanism, and mountain building at the plate margins result from the movement of tectonic plates.
Although the mantle occupies a large volume of the Earth, there are many fundamental questions
about mantle composition, rheology, dynamics, and history. Many of these questions remain
unanswered due to our indirect observations of the mantle. A major tool to study mantle dynamics
is numerically analyzing mantle convection equations. In this work, we used Aspect -short for
Advanced Solver for Problems in Earth's Convection- code to simulate mantle convection. The
geometric model used in the simulation is a box of 4200 km by 3000 km. Using this code, we
investigated the effect of different Rayleigh numbers on controlling the mantle convection and
creating mantle plumes. Results show that the number of mantle plumes increases with increasing
Rayleigh number, and the rising mantle plumes become thinner with the Rayleigh number
increasing. Finally, we studied the relationship between the Rayleigh number and the Nusselt
number (surface heat flux). We conclude that there is a power-law relation between Rayleigh and
Nusselt numbers.

Keywords: Mantle convection, Numerical simulation, Mantle plume, Rayleigh number, Nusselt

number.

1. Introduction

Located 150 million km from the Sun, Earth
is the third planet in the solar system, a
dynamic planet that is constantly changing.
The Earth's interior is divided into three
layers: the crust, the mantle and the core. The
oceanic crust, about 6 km thick, has a basaltic
composition. The continental crust has a
silicic composition with an average thickness
of 30 km. The mantle has an ultrabasic
composition; the boundary between the
mantle and the crust is called the Moho
seismic discontinuity. The mantle has seismic
discontinuities at about 410 km and 660 km.
The average mantle density is between 3.3
and 4.8 g cm?®. The core is almost iron, the
outer core is liquid, and the inner core is solid
(Schubert et al., 2004).

In the late 1930s, Arthur Holmes proposed
that thermal convection in the Earth's mantle
provided the necessary force for continental
drift (Holmes, 1931). The main hypothesis of
plate tectonics was formulated by Morgan
(1968). The surface expression of mantle

convection is plate tectonics. Although the
Earth's mantle behaves like an elastic solid
on short-term scales, it acts like a highly
viscous fluid (10?* Pa.s) on long-term scales.
Therefore, we consider the Earth's mantle a
fluid with high viscosity to investigate heat
convection (Schubert et al., 2004).

Numerical analysis is a fundamental tool for
understanding mantle convection (Davies,
2004) and has a rich history since the late
1960s (Zhong et al., 2007). The first 2D
mantle thermal convection models were
discussed by Torrance and Turcotte (1971)
with temperature-dependent viscosity and
another two-dimensional mantle thermal
convection (Richter, 1973; Moore and Weiss,
1973; Houston and DeBremacker, 1975;
Parmentier and Turcotte, 1978; Lux et al.,
1979; Schubert and Zebib, 1980). The first
three-dimensional spherical mantle thermal
convection models were investigated by
(Baumgardner, 1985; Machetel et al., 1986)
and cartesian models by (Cserepes et al.,
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1988; Houseman, 1988), and another three-
dimensional spherical mantle convection
(Baumgardner, 1988; Glatzmaier, 1988;
Glatzmaier et al., 1990; Bercovici et al.,
1989a, 1989b, 1989c, 1991a, 1991b;
Schubert et al., 1990; Zhong et al., 2008;
Tackley, 2008), and cartesian mantle
convection papers (Travis et al., 1990a,
1990b; Cserepes and Christensen, 1990;
Ogawa et al., 1991; Christensen and Harder,
1991). Nowadays, there are powerful
computer codes for simulating 3D spherical
mantle convection (Zhong et al., 2000;
Tackley, 2008; Heister et al., 2017,
Kronbichler et al., 2012).

There are various methods for numerically
solving the governing equations of fluid
dynamics, including finite difference, finite
element, and finite volume methods. In the
finite difference method, the derivatives of
the functions and values of the differential
equations are approximated using the Taylor
expansion. The main limitation of this
method is the inability to make non-
rectangular  discretization. The desired
domain is networked into regular small
triangular squares in the finite element
method. This method is more efficient than
other methods and has high accuracy. In the
finite volume method, the desired domain is
divided into several volumes or cells (Gerya,
2010). In this paper, we used the Aspect code
(Bangerth et al., 2017), based on the finite
element method, to solve the thermal
convection dynamics of the Earth's mantle.
Mantle plumes are concentrated, nearly
cylindrical upward flows of hot mantle
material, showing a rise in the convecting
mantle (Bercovici et al., 1989a). Mantle
plumes have been the field of study in
various previous numerical modeling studies
(Farnetani and Richards, 1995; Trompert et
al., 1998a, 1998h; d'Acremont et al., 2003;
Zhong, 2005; Lin and van Keken, 2005;
Sobolev et al., 2011; Ballmer et al., 2013;
Trubitsyn et al., 2018).

The important non-dimensional numbers for
mantle convection are the Rayleigh number
and the Nusselt number. The Rayleigh
number describes the relationship between
buoyancy and viscosity within the fluid and
gives a sense of the vigour of convection.
The Nusselt number is a ratio of convective
heat transfer to conductive heat transfer.

Previous studies show the power-law
relationship between Rayleigh and Nusselt
numbers (Turcotte et al., 1967; Hansen &
Ebel, 1984; Jarvis, 1984; Olsen, 1987;
Korenaga, 2003; Wolstencroft et al., 2009).
In this paper, we used the Aspect code to
simulate mantle convection. Using results
from mantle convection simulations with
Aspect code, we investigated the relationship
between the number of mantle plumes and
the Rayleigh number. Then we studied the
power-law relationship between Ra and Nu.
Results show that there is a close agreement
with previous studies.

Section 2 presents equations governing
mantle convection dynamics, Rayleigh
number and Nusselt number. Model set-up is
described in section 3. Our results and
conclusions are presented in section 4 and
section 5, respectively.

2. Equations Governing Mantle
Convection Dynamics

We discuss the fundamental equations of
mantle convection, and consider the
conservation of mass (1), momentum (2), and
energy for a fluid continuum (3) (Schubert et
al., 2004). However, the mantle is composed
of solid rocks but deforms as fluid on
geophysical time scales. Therefore, we can
study mantle convection dynamics with
conservation equations as follows:

a0 | dpu) _
at + dx; =0 (1)
bu; _ _ op , 9t
Poe = "o T o, TP 2
Ds _ g 0%y 0 ( OT
pT Dt - TU ax]- + 6xl- (kB 6xi) + pH (3)

where p is the fluid density, u; is the fluid
velocity, 7;; is the stress tensor deviator, kg
is the thermal conductivity, and H is the rate
of internal heat production per unit mass. The
rheological law between deviatoric stress, 7;;
and strain rate, e;j is:

Tjj = 2ue;; — g#ekksij =
ou; , Ou; 2 Quy 4
H an 0x; 3 H Oxy U) ( )

where p is viscosity.

2-1. Rayleigh Number
The Rayleigh number controls the vigour of
mantle convection (Ismail-Zadeh & Tackley,
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2010). Substitution of (4) into (2) gives the
Navier-Stokes equation:

Dui_
PDt

_op 0 (0 02 Uk .
6xi+6xi Il(axj'+axi 36” axk)] +pgl (5)

The dimensionless form of the Navier-Stokes
equation is:

3
l:c L[):: : p aATﬁzgh (6)
3
Ra alATpogh (7)

uk

where Ra is the Rayleigh number (Schubert
et al., 2004). We will investigate the
dependence of mantle convection on the
Rayleigh number in the next section.

2-2 Nusselt Number

The Nusselt number is defined as the ratio of

the convective heat flow q:% to the

conduction heat flow g, = k%T, where Q is

heat fluxes through the top boundary. The
Nusselt number directly measures the
efficiency of convection as a heat transport
mechanism versus conduction. The law of
heat transfer is defined as a power-law
relation in terms of the Nusselt number as
follows (Schubert et al., 2004):

Nu = cRa¥ (8)

where ¢ and S are constant coefficients. We
will discuss these coefficients in the results
section.

3. Model Setup

We used the Aspect code that solves the
conservation equations for mass, momentum,
and energy in the Boussinesq approximation
(the reference temperature and the reference
density are constant). We consider a closed
box with an aspect ratio of 1.4, leading to
a box width and depth of 4200 km and

3000 km, respectively. The top temperature is
fixed to 273 K, and the bottom is set to 3600
K. The parameter values used in the Aspect
code are defined in Table 1. We used
different Rayleigh numbers to investigate
mantle convection patterns. These numbers
with their viscosity are shown in Table 2.

4. Results

We simulate mantle convection with aspect
code for different Rayleigh numbers. The
results are shown in Figure 1. The Rayleigh
number shows the presence and strength of
convection in the mantle. First, we examined
the Rayleigh Number 5 x 10%. The mantle
convection pattern is seen because the
Rayleigh number is larger than the critical
Rayleigh number. However, mantle plumes
do not form. The mantle plume is an
ascending stream of thermal convection with
a mushroom-like shape and a limited
lifespan. For the Rayleigh numbers smaller
than the critical Rayleigh number, heat
transfer occurs by conduction, and no
thermal convection is observed. By
increasing the Rayleigh number to 5 x 10°,
mantle plumes begin to form, and by
increasing the Rayleigh number to 5 x 107,
we can see an increase in the number of
mantle plumes and a thinning of the
ascending plumes, Figure 1 (d). These results
are in good agreement with the results of
others (Trompert et al.,, 1998 a, 1998b;
Zhong, 2005; Trubitsyn et al., 2018). Finally,
we investigate the relation between the
Rayleigh and Nusselt numbers. There is a
power-law relation between Rayleigh and
Nusselt numbers, Figure 2. Figure 2 shows
the values obtained for ¢ and £ equal 0.28
and 0.31, respectively. Table 3 compares the
B quantity in Equation (8) with previous
calculations. Based on these results, the
values obtained in this study are in close
agreement with previous studies.

Table 1. Parameter values.

Parameter Symbol Value
Mantle density p 3300 kg m™
Thermal conductivity k 47mtK?
Thermal diffusivity K 1-1394 x 107 m?s™*
Gravity acceleration g 9.8ms?
Thermal expansion coefficient a 2x1075 K?
Heat capacity ¢y 1-25x 103 Jmol?
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Table 2. Rayleigh number and Viscosity Pa.s

Rayleigh number

Viscosity (Pa.s)

5 x 10*

1-02 x 10%*

5x 105

1-02 x10%3

5% 10°

1-02 x 10%2

5% 107

1-02 x 10%!

Cycle: 253  Time:1.44161e+09

Paoudocolor
vor: 1

2768,

Y-Axis (x10°6)

2.0
X-Axis (x10°6)

Time:2.51025e+08

Cycle: 633
argoccer

2768,

Y-Axis (x10°6)
o
n

0.5

‘2.0
X-Axis (x10°6)

Time:1.44102e+09

Cycle: 676

Y-Axis (x10°6)

Cycle: 1185 Time:2.00008e+08

Preudocolor
var 1

Y-Axis (x10°6)

R S )

p— .
X-Axis (x10°6)

Figure 1. a) The Rayleigh number is 5 x 10* and viscosity is 1 - 02 x 10%* Pa.s. b) The Rayleigh number is 5 x 10° and
viscosity is 102 x 1023 Pa.s. ¢) The Rayleigh number is 5 X 106 and viscosity is 1 - 02 x 1022 Pas. d) The
Rayleigh number is 5 x 107 and viscosity is 1 - 02 x 102! Pa.s.
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Figure 2. The Nusselt number as a function of the Rayleigh number on logarithmic scales.

Table 3. Comparison of 8 quantity.

B study

0.33 Turcotte et al., 1967
0.34 Hansen et al., 1984
0.318 Jarvis, 1984

0.33 Olsen, 1987

0.3 Korenaga, 2003

0.29 Wolstencroft et al., 2009
0.31 This study

5. Discussion and conclusion

The thermal convection of the mantle
plays a significant role in the movements of
tectonic plates and geophysical phenomena
such as earthquakes, volcanoes, etc.
Therefore, the study of mantle convection is
of great importance. To study mantle
convection, we considered the mantle to be a
constant high-viscosity fluid. We used the
Aspect code based on the finite element
method to solve the equations governing
mantle convection. In the Earth's mantle, the
Rayleigh number is estimated to be 5x10° to
5x10%, The Rayleigh number is an important
parameter that controls the nature of
convection. We studied the role of the
Rayleigh numbers in convective patterns.
Conclusions indicate that for small values of
Ra a system will not convect and heat will be
transported only by conduction. For values of
Ra greater than critical value
(87<Ra_c<1100) convection will be present
in the system. The results showed that by
increasing the Rayleigh number, mantle

plumes are created, and increasing the
Rayleigh number increases the number of
plumes and makes the ascending plumes
thinner.  Finally, by examining the
relationship between the Rayleigh and the
Nusselt numbers, we obtained the power-law
relationship between them. We find that the
Nusselt number is proportional to the
Rayleigh number to the 0.31 power that has a
good agreement with previous studies.
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