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Summary

Shallow water equations are for modelixy the behavior of a single-layer of fluid with constant
density, that the hydrostatic approximation applies. These equations for the motion of a dry and
inviscid atmosphere with constant density include the momentum and the continuity equations.
In addition, the shallow water equations are often used as a testbed to assess the performance of
new numerical algorithms. In recent years, the trend toward increasing the accuracy of the
numerical simulations of the atmospheric and oceanic motions has increased due to the inherent
complexity in these motions. In recent researches, the compact schemes have been notable
because of their remarkable performance in the numerical simulation of fluid flows in other
branches of fluid dynamics. This work is devoted to the application of the fourth-order compact
MacCormack scheme to the numerical solution of the conservative form of the two dimensional
shallow water equations. The compact MacCormack method is formulated in form of a two-
point scheme. Two versions of the fourth-order compact MacCormack scheme have been
introduced and called as 4/2 and 4/4. The first order spatial derivative operators have implicit
forms in both schemes (4/2 and 4/4), for one-sided forward and backward operators. The
MacCormack scheme uses two time-marching methods: The first is the original two-stage
method and the other one is the Runge-Kutta-type (RK2, RK4 and LDDRK4-6) method. In the
present work first, we solve a simple linear (advection) equation with an analytical solution,
using the second-order and the fourth-order compact MacCormack-type schemes (with the
original and the Runge-Kutta time-marching methods) and compare their global errors. The
results show that when the fourth-order compact MacCormack schemes with the original time-
marching are used, the 4/2 formulation has better results than the 4/4 formulation, but when
these schemes use the Runge-Kutta time-marching, the results of the 4/4 formulation are better
than those in the 4/2 formulation. According to these results and the magnitude of the global
errors, we used four MacCormack-type methods to solve the shallow water equations. The
methods are the second-order scheme with the original time-marching, the 4/2 type of fourth
order compact scheme with both the original and the RK4 time-marching, and the 4/4 type of
fourth order compact scheme with the RK4 time-marching. In the following, we solved the
conservative form of the one-dimensional shallow water equations with those four mentioned
schemes. The results were compared with a test case with known analytical solution. Finally, we
solved the conservative form of the two-dimensional shallow water equations. To perform the
simulations two well know test cases are used. To assess the numerical accuracy, we estimated
conservative quantities such as energy, enstrophy and mass along the simulation process in all
time steps. The estimated results indicate that the fourth-order compact MacCormack schemes
retain the conservation of these quantities better than the second-order MacCormack scheme. In
comparison with the other applied schemes in this work, while the 4/4 formulation with the
RK4 time-marching shows more accurate results, the numerical stability condition of this
scheme is less than the other schemes. In the second test case, we point out that the
computational time of the code for each numerical solution, which utilizes the fourth-order
compact schemes, is longer than the computational time of the solution using second-order
scheme; but their implementation is reasonable because their numerical accuracy is higher than
that of the second-order scheme.

Keywords: Shallow water equations, Compact MacCormack scheme, Numerical accuracy,
Runge-Kutta.
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