DOI: 10.22059/jesphys.2021.287486.1007153

gl s adsl b s llay (So T JUst B L 2 5 sdn 53 dslae oo f
Sbas @olme o ol g5ds sy Y1
Tl s dasms b 5 7o llae suge M as Stgta 1

Ol el sy e oo 5 ol .‘;[d&ajh 09,5 45150 (gazeiiils )
Ol (Ol iy Cos i oKty ¢ o (loojlus 0,5 jloliwl T
Ol el i yie Cos i oKl ¢ ] sloojlus 09,5 clival N

QAN 1 les Loy ANEIT 123l )

oS>

by ol )3 ol g0l (53 3 amocunss EMSke ot Sl (S e 9 e ool gl > (Sl Ll
s wcous o oa VT ] wld ol el o o Soel Sl dlus jige S ) ate Ui LLbw sla s
G 555 SIS gl by e i g o o (Sogfl Jisl blee (o5 o i ul 3 S e il (s
s S5 el b jlsy opbre 53 dgime a0 el by clasSl b gldbis o YT Jlb gl
Gl Lo o 5l dob ol wus glpael oo s 0, Sles oLl jslaieds .l ool Cawddy diblygen Sl
Oygots gl bpd o Jol (058 Jle )3 b auglie Iime (083 o 93 B ) ()5 &b by I oslitel b (s > L
Sloj s L Jld (claais oan VT giie O Spgos gk Syle g cpme dbis K SuiS odle py SLSL adss
21Vl o 93 gty aite Sle g ol Jlio b e adsl by pgd Jlze )3 a5 4B S a5 0 gled @b Sy & pson;
U b ooloidy deloo o 3lbail Jlio g5 5o 5 dlols clale cloysilS 0 bl plaiel oy slosSl | b (glalais
ot st 5 Sls 5 (RP) (Ko ey (olel sloasli pizran 03 oo (Lii ) ()5 &l Ubs, 5l eolisul b b
IS 1y ooleig oo o wglhae 5,Slas a8 ol conday doys <10 S 5 (Mean Relative Error MRE)
9 039 yls 1y olgds loj (slagSl b daxie oan¥T wlie 35 g olgsdd adgl by Ssl cubld (ooloidiy Jlow > amd 0

2,5 1,8 eolaiwl 350 (g0de s> Sriwious (3 L ool S iy Llg o

iblesant JLS5 i sy olgsds iloj slasSl e clalas sy VT wilie eyl by o Sagll Jlis] aloles 1 g dS slae3ly

(g;:.ajj‘\l\ic) Qs —VY dmdp N\ Fo )Lga.‘\ ULQ.Z&VQ)))‘W}@A}&};

23 el JUisl o g5 35> (2 5 e (K58 )2
Qs bl s el S > by Jidiete Lases
3955 5 Sk 53 e oS il Sk, Sy
izn o3 Al o 53 45 @3b5 sl sl el
GO B V- TP USSP WP W B S PO L O B
g Sy Jedlis Vsl o gl ol
Il cp o JWal dlar I pmdige laata) 51 ok
T 5 &S dgn yn betuNT SusT, 55 5 LS

sl

Glyy ol 53 (ST Jlsl S dsles
ADRE) sy - Susly, - olralr dol

2gde disly

Anddo )
ST 5l bee on) mhaw 53 3mpe ST b
gl o el sl S pein) s ke
Sl 8 b by (ST e
o8 Gmobn oslea sl Ll e VT mla
Golre 53 ol NT sl chile S 5 Sl O
dasl 5 0Lz Jewdlas SV¥slae 2wl Ly,
Sls g oS il s Cow OVslae opl = o gs
Sl Dysea 35h Jlasl OVYslae s odiS” esle
b sl laylpl s gladie g dalss 408l
Gef ke gldibe el ke (25

N Forss &S 50 VT sl 3 5 5 5e sl el

m.mazaheri @modares.ac.ir

:Ja.gb c.\.i)liS*



VEee Sle QL&)J‘VU)J&W}W}A&H YA

5 Slamio (b (Gl Shpen ) ae Dole
Soeslimal L(V8AY) Lib S Bl e
S o s s s 28 @b s oS S
35 15 (ST Jiml dsles (gdm dw 5 93 S o
ple Soson mie Dok Bt b Ly, JUST S
5 SWEL L SN lamino 5 Jot oy VT
Ol b gy ks 68U L ot VT e
s e (1489) ol 5 Sy oyl Cwwsa
Iy ST ADRE dhsles gdn 4w 5 (sdn 35 o
5 S G Al Sosen sl bs il
S L SN oy (sl YT mlis
5 i L30T st B Wl 5 ,E Wl e - s
Gdn 53 bl (Lo e (Y000) O1Ss
GITT ¢SS5 31 eslimal b 1, (ST Jast ,E ke 5
Lo Sobe G ol o T Lsysl Cowsa
LA o505 Gopp Lb romen NS 55 e
s bals s 8 ks b chle S sl g
dalas (g aw o3 Mos Jo (Y029) oL
S5 Sl eslimad L1y s s ST Jlsl
53 T tis S i GITT &SG5S s
oo 5 b 1) SaST o s e e o
(Y+08) 080 5 ma)lys Az 8 i )3 jho I, &
Kl 5 8wk 0 (V) bS5 osslss s
b Glay LU s 1) (SusT, sleale bl
2 g Dobs T . L5,8 J=GITT ig, 5l eslizal
el 0> o il s e ln L G s A
LtdTs s 8 53 o 0LS1S 65 1) e
Sl o g 333 oy g shiea (Y00A) OLKGa
Dol SE Ll 03 s Jo o s ST
Cuwsty GITT pay 3 eslizal U 1, SsgT Jlsl
Pl e Sole G ol 53 i s sT
Chle mb e ) Gip ba s e S B4 e
IS a5E 5 e 6 by sS y
G 33 s (gl o o S5 (Y010) 01,

(Advection-Dispersion-Reaction Equation
$n 3> = 5 ADRE dholes JS 05 sl s
o 53 VT SOT (55 L OBl
5o Ll STy s SaSl, (plrale enyy
i) Sl Y daly O o g ke bl=d L

:(Ya4y

o(he) __a(hue) _a(hve) o (hD @}
ot ox oy  ox\ *ox

o )
[hDy @] —khc+he(x, y,t)

0
EY
S shadlze Y o5 X 0l t B daly s oS
bad i o sa Vo s Uu JUS 5 e 5 Jsb slal s
D, 5 D, «(M/s) o5 5 Jsb gz 5> oy
bk (MPS) Sk (ST, e e
c=0(X, Y1) 5(M) oL > Gee N e(s7) 281545
JoSste eyt s (kg/m) bl .o

il o (SINK) ¢Sale- L (SOUrce) asia
dolee Mow > sly golime gl is, 0556
e 34 0dh Sl e Law i (S JT Jlis!
Green's (GFM) » 8 &b s @ Olge OT
S gle bas s, «(Function  Method
s s (ntegral Transform Technique dJTT)
Generdlized  (GITT) wibpani JSSI b
W 5 JI,T .5 S 6,0 (Integral Transform Technique
ST dsles gun 35 Soge Mow = (1849)
2 s 5 S O e Sobe shle
SUoesliel b ke e 3 sgdowel atels
Jo ba T syl Cwsa SN~
5 oaia o bl o VT aie Djson )
i 8 s asie CBl L s el VT
N R S Y 26 e Sl eslizad b (04AY)
G aw g 5 5 OV s 1y (ST dsles
SR g5 s Syl SLS 5 gl sl

R R ol T U R P P



va e 34l b i il (B3 JT Sl JE Wk 18 5 sum 95 ks Julow J>

oz ol YT ple 5 Slopls 5 (Bl 5 G35
L3S e gy s SEL Gl sl S L
p kb e (W) s s we Sagis
S e 3 (ST Jlist doles LB WL 8
ok Sl Ghila 1) bl e b osda 9
sty o 8 Wb s Sl eslizal b (slab 04 VT e
ADRE dslas Juow Jo Gaios opl 55 T s )T
S S (glabais oo VT e ki 03 8 k5 55 L1,
O 5 ol Sl L35 o il Sl
ADRE dslas sin 35 Sjgo o Jo (Y4IA)
88 iy L1y Jdime aswe 55 3 gdouel ansls o
S S L gl VT wlie &) goas e ke
oS S e oo bl sy SEL s
Sn 53 o3 kot = (Y1) LS 5 glal s S
Gl sgdouedes awls 53 1y ST Jlisl asles
Loy sl oS L e ¢5 2005 Sip by
e i sl et VT ate 5 gl by bl

35 e Y s 3l ool b St
(Mos gl b b e Ol ST
5 osle Balps 5s (ST Jlist dolee smeSS o3
23 oS Oladss Sl ol el Joedsis Lo o
Gl 5 (a7 JUst dslee Mow o b alasl
Lo olralr o T 55 o ol pll gun L
N P TRV N VA PR E A
Ll ok plnil ibize Lse s 35 T ST
DMae b i b ply adol bya 6T 871 55 umes
e Dok oo 4l odd B 5 5 s o
O Jols LB Loy jio L gl S Slaaes s
A P P S [ S RSN I P SO < [ T )
o o oSl Sha p5Y b 85
G 9 S gy psesta sy auls o
Sgdowel 5 dgdoeedns laanls I Sedems  Hlaw
S e G e S GRS s il
(Ss alas 035 blod LADRE dslas bl s

oS 5 eslial b s ST lasl 8wk e
T Lol @)l WY s 5 GITT i, o5 5l
Chle 5038 b e |y pe Dok G ol )
S e YT s Gk S e oa s
Oer 5 5558 B8 B s e 5l 3503
GITT K5 5 e ois 31 oslimal L o(Y4104)
L (ST JUist aboles gdman p3 b J
BT Ls,sT Cansa LELL2 5 ,ELL = s
s = Jbe g JIB s e oL sk
SBlle uneSs S s 1y (ST sl dsles
oS ke gl pie Soke Bl L BNl S
33 P s e (YY) OLSKer 5 g s S
S gl Slaiben (s 5 S 3T Jasl dslas (gdn
b S5 5 eslial Ll gdm 55 als )
Aoyl Casa GITT &S 5 spone SO
o oke s esm g5 5 sl g 5l LVl g 0 b s
(V) Ul 5 glol s 458 135 55 ao ol
2 (ST Jisl Aol suam 53 o e
CoFspl e 5 agdoe aLls o dn s b
Dogoty Sl pie alps 5 SE LS 0L L
oY o S eslial b 1) g Sle) mb S
K Sopen G ol o gl bys s S
oo e Dok s GBI ol e b
bl ey by S LSl i &K
JUst dsles o (YVF) 0L 5 2805 s
B P S R PV
Shile 5Ly @olms o ddomsdas 5 dpdowe ausls
gy Slay sla S sV e 51 (535,55 hale
oslizal b ol ie b ate Sobe s gl 5 sl
OHKer 5 xS gl Y b
Sl e a5 sl IS sy S (YYF)
G a5 93 S5 gl > ADRE dslae s
Gloawdin b ot ¥T wlio plsl o35 5 s L
b e @Bl s o VT e i et



VE e Hlg o) oylad FV 093 (Lad g ey S 5ud A

CL.A C_,..:nx.é 9 4:.5}‘ .lﬁj.& Lgb\au S gd>en awls BE]
Sl S0 ¢SS 51 eslimal b oglabi oduNT

J}.&gsa

bl SIS has S e A-Y
GITT)
J= Gy 6$ s sy & GITT g,

LUl ol RKese S by SVl
Jemil s dalne B35 5 55 admy 53 ss
sl GUl5 5 Jom aals cadsl 5 5,0 Ll 5 (S
s 8 el 5 (ST pame o¥T ol
4 e oy ol Sllp der S 6 Ly
Sl Sl atba A i b
Jeilpis S¥slae 51 ol = 53 05 sl
Ol 3 e JUt dslee i Seal i
2 GITT igy Lolel L08AY (hlew 5 65S) das o
ol (S8 ongslie dls Sl dols ohals
O S VOO S Y PO o] N T WG I PO
Sere Jomil s SWslas 1 el gt 65
J:+s (Ordinary Differential  Equation «ODE)
Joiles dolan o 4 o T o & 555
G Jbesl s Jol lapE ol Foslu eyl (Kaal
565 OV shbes 5 65) Sl 55 7,2 4 GITT
(YN8 O,

S Wl Olgea cmli o gldie Alae s —
e 05l g5 ) el lateey

S 5 3 s JI S5 k5 e
(Forward transform) oéiwe slahids Jles! -
dslve  ,  (nverse  transform) . See
S 5 Jsl de e Sl edeT Cewsay sl i
¢5 3 exnsels (Orthogondity) sl .ol
&' (Norm)

Jo 3 26 Jseme i s SVsle oKy S5~

ol

3 2 s G Sl SuS1, (plels
e s Sl s S Gl Dot e Dls
oslatal Uy sgdowe aals b 5Ly, olme 3 a3
odi o (GITT) wdlypeans I S
Sypot Al gl bos kb, ol s ol
Soseh pie Sobe s Gl G mbe) IS
whiv by sl S b sdae (gldbi 0duNT e

el okt 4b S 1355 of ds oy oty
JUst dslee Blope pp Moo o ol 1
Sib Sl 55 dslae slader plis Blad L (ST
Sbay ol 53 gl 9> b s S
el Cosen adsl bib Olses S o3l
a8 (gl 015 YT wlio iz 55 5 033 ol sl
Dlpea S o S auls s linl (6,180
oopen T bk 4 G ) 6sTS e
(P 9 P Sl s J auls Oog sgdsee
Syl s o ib s G ) s ol
S sl il S G ol 3 el
b s Slbp G opl o3 il e edd 4l
035 035 3,08 4 e gl el sl edd 8 8
&S Sl lodkamsy S i 3 Jo gl el skiten
s Jo sl 5o GITT ol 4 s 2
Glodomy Plow iz 3 Gle .Col odd oslizal
@ade sladde Sl Cble mis mb s sktee
il 5 i 53 Mo o | el 1 e esliz
relone Gle Ll 5 ey S0 L sl
3lse 5 ol 53 s 5 48,5 15 oade gladus
5 S Gl s o b ade - 0 Sl

FRIR Sy
@lpans JIES Joas SSS al 55 Cad ol 3
I S L o e
G 5> Sl s (ST st dslee s >



M e 34l b i il (B3 JT Sl JE Wk 18 5 sum 95 ks Julow J>

s 0T )3 ate o aoms Colus b oaglie o
b ol Ols Seosba il Gl b oo
o AV ) C3 8 ks abl &K O pen
5 el o b 2 s T S s S
S S L M 3l &) sdaie (gl oy VT mlis
L dsb 4 s auls o s el s Gl

oc oc  ac o%c o%c

— —y=—-v— -

ax oy e oy (Y)
1ns
kc+EZvv|(t)5(x—>g)5(y—ys)

OL‘) J}-‘j DL e..\.'.._v.YT CJP- )‘J.;.A W|(t) ¥ 4.@‘_) DL 45
e S Camgn Yo 5 X (M) JUS” Gas h (kgl9)
SST1 s s @U () Sole 5 awls ys (glabds ods YT
s 45 5 s gie Ll 5 adsl bos L

IC: c(x,y,0)= f(x,y)

0<x<L
:{ = ¢(0,y,t)=0,
0<ysW
oy, _ 0, ac(x.y.)| 0, ac(x, y,t) 0
6X x=L ay y=0 ay y=W
")

e 53 ST st doles > sl th ol
opaslie dlas &K Gome (G al 03 g 9
WT ¢ 5 ohspls hs polie s 5 paeis
2 e o iege ohalie dle Ol ol
GITT igy 5l esliwal b S Jowil s OVYslae o
s 5 ens polie 0T Je L &S
5 paiann (Sl 3 OT ol 5 o ol Szl ol
2 she S GITT oy 4 by osSas
Sogen GITT ) 55 ol A= = &l
b clze o3 poltie Wl I ol o5l Lo
dle 088V bl 5 68) cl ol dl
§ Lo Sl Sl sl s

ol Wl S lay g1l 5 S la e Ll

o San Jos Sl oslizal b (ol s gy s -
gl s GITT sy Jole wlsl s
3> w33 b= 53 ADRE doles oo o
S 5 K Al bos Gl by, ol
s oS L bk VT e i Ol g

RERI RIS S W PR RS

9 4yl b s bl LADRE Wl low > .Y-¥
ol s Sy o I b (slaba 0y ¥T mylio

g e e sl e s SIS S boks
Sl ozl ) s oS o3l Do B
el Son i T b 3 iy e S 1
55 o gl Al skiea oS ool DLb e p
FEerp 2 5 s kil a Al st
Slp Srokay (Phy b mia bl sl
J= glAeel sia sy dale oY e gl Al
Ll 5 Sl b cGaios opl 53 (ST Jlisl alsles
REH PR

a3 o 55 (S5 JT YUl dslan 8 ke 2 o5 -
sl 0l Ll

Sy 5 plrals Glokidy 4 by e s e -
odd Ll (bye g 53 0 s sk x50
RCI

2 Je gl 5 esy B AL 5 e O -
13 515 ke (5 gdoee) batins aials ¢S

o gl b se e Sl atals 4 (535,5 hale laGe -
RCI

L3) ao Olej 4o auls 45 e Cble ldde -
RCO P RN P b S son ()

olas 51 ST Jusl dsles s o Soke -
s Ml s Sl S s K Lo
eI

S Sl i (labad o NT o oS S o

(5,8 o Sy 0T 5l s & amlee) 0T omles



VEee Sle QL&M\"VU)J&W}W}A&}} AY

®)

Lossml pp sl ok Jlo o5 sl anlons | latos,
odd b s ossml 5 (N ) o5l p i3S aralns

SIS ke e 50 (Q (X Y)

LW
w L T Nzl )
N = 2 =
J {Qm,n(x,y)dxdy W
,h=1

2
A an(X,y)
Q.. (xy)= 'N—=

\2)

1 . (Zm—l j (n—l j
sin X |cos| —= 7y
N, 2L w

S pSan s JdS dm a3

GS) sshp Cmm ) sy Sosen oS

144y
Cmn(t) = ”C(x, y,0)Q,, (%, y)dxdy W)
YD) =3 Cnn® A, (x,Y) @

m=1 n=1
Cro 3 ¥ dslae 534 a5 (XYt K L

25 g &) Lasia] 51 &K lila dslas b b

WL
Wi [[OQ ey)dxdy 55 Gabie o
00

g_,.&j.v

ii G (®) [ [ Qa6 1D, (X, y) decly =

m=1 :1

o

m=1 n=1 00 OX

w0 @ _ WL a2
+D, D> Cmnl(t) ”
m=1n=1 0

K3 Cna(t)

0
L
m=1n=1 0

o

S sl o5 lie e |5 Aiten dols oo

Qm,n(x!y):Sin( 2
U3 S Gnn®) [ [ @ (% IR, (X, V)l

[©@,, 06 MR, (% y)dxdy+

Ja.:z-.a Sy S C’.?LC)Ua‘ J.,ul.& 9 ails BYEBL \J
Syl lal 5 Al oes AL addlas 54
el S 5 el il g (Sdf-Adjoint) Sl 5
Sl OT fadse pl Coanl Che il Mo
Sl b oo ltie Al I deol> ohspls
Cools Gyl 5, 5 el Sl el i
o5 9 luie Al | alool> Shapl S A s o el
J= glAeel 52 e o O GITT gy s
sl ohasldie dlee L08AF LS)  wsL
Oobe Kar S50 Ll s ol penn ¥ dslas b ol

6Zan(X’ y) aZan(X, y)
3 + 3

aXZ ayZ
oQ L,
Q. (0,y)=0, Mz(),
BCs: ' ox
020 (60) _ 02, (6W) _

oy oy

+(, —K)Q, (%) =0

)

ak}ﬂ.&b H o3 a}jcu Q(X,y) f 4.1:4‘) BE ny
J:- REVINY a}_)cU sediyled o N 3y M oCul
Goluldar pay Sl eslizal b (F aaly) o5,k Al
35 al s Sole o sl I Lol OISl s e

31

2m-1 n-1 m=123...
X |cos| —xy |,
L W n=1,23,..

&Y —V3 3 Gnn0) j (@, (6 V), (x, y)cedy

m=1n=1 0
52

(G (X )2, (% Y)Y+ D, 33 5 ) || a—yz(fzm,n(x, Y, (x, y)edy

m=1n=1

3 [ W50 x )3y -, )3, (x )cay

| =1

)

B&‘)‘ij})\%dh)‘@b—dj}t‘f L.L»;:)Les\f)}qu

IS5 Ol 5 s el s el Cool b lae .ol Slols i dles

VIVT (X Y) € | (x, y)dxdy = {

0 if mn=i, |
1 if mn=

)

I ]



AY e 34l b i il (B3 JT Sl JE Wk 18 5 sum 95 ks Julow J>
Ll Caols 5 (Sifting property) oS, slds &b sl Gl 3l eslizal (JEKS1 Cow Olizia 05,57 5L L
g s Cosen Olg e bV dalyensml s
95 )+ —— ZZC (t)(2rn o vﬁcos( x)cos( ﬂy)sm( ﬂX)COS(j_lﬂ'y)dXdy
a IN_ / ey g 2L " )id 2L W
e 2m-1
Cmn(t)( j sin( X) sin(— y)sm( 7Z'X)COS( ny)dxdy
N, / mle; {! 2L W
2i-1 )= ELAY -
+DX(77Z) cii(t)+ Dy((JW)”j Gij (t) + kai (t)
W) j-1
cos(——
JTZ o mg) Sy 7 Ys)
(\Y)

e dal ol VY daly O son

|Jmn

8clj(t ii Jm,nemv”(t):Gi,J(t) !

A]mn

|Jmn

d\.@a ODE o&zus ugf.;jal 4

+ci,j|1 E|]I] (\“)

'J'J

S l,ke (G (1) ) 0T ol s ODE olus ol s Y dasl, 45 &8

Asmn =1y 22 mn()(zm ! mcos(2 m oot ry) sinZ nx)cos(jw‘lnwdxdy
B mn=" ZZCmn(t)[ ﬁjsn(zm 17zx)sm(— y)sm( x)cos(—;zy)dxdy
mlnl 00 2L (\f)
C..i=D [ZIZLlﬂj , D, :Dy((J\;\})ﬂj ) Eiij =k
i=12,...,0 m=12,...,©
G,t)= hJ_z I()sxm(—irxs)cos(—rryg,) {j:LZ,...,oo : {n:l,Z,...,oo

dals Sole alie 530> L ODE ows 1 .ol

)\ S
oc J(t)

+zzr| i mnCm,n(t) :Gi,j(t) ,

m=1 n=1
|:1,2,..., m=12,...M
i=12...,N ' |n=12..N

JS sl (10 dail)) ODE oiws ¢ 4 ar g L

o)

N sMaS 54 dals MxN L 1, ODE &Ysles
55 ODE osas 4 5 b bl o L& (YL 350
b5 g5 31 ODE oSaus & Conl msils V0 alayl
dol> ODE ofaws o shtes .ol (Couple)
cj.]éb)}ngl.b_gé:ﬁ)lfdiﬂnt}is\gwc(\b dayly)

N 5 M) S5 S5 o3l & 5 alae ptem &5

Sl el LE 5D € 18 OF daly 4 e 5 L
Jeil s dslae C 5opl 4l ol Cowdds alas
b Jyane ool S¥lan oims ¢ & Lol >
s oS W wale fas (W daly) Sulg o sl
Fosls C3lhe 4 0T Jom 5055 (O3 T OT Jats i
OV dasly &t 5 bl S Jondl s alslas Jo )
i gl gl ODE oo il o sl
45 ODE o 03 alab s\.»'lf;: S Sy plae
e OOkt ey 4 A OT 1S sy by 555 a8 8
(Jo2s) ol b liie 31 i 55 (g o folis alax 93 2
O 4 iy il 5 Slie 350 a8 0l 48 8 a5 )

sl LB 5 ot s 8 by s ol



VEee e o)\.u‘;ﬁ‘/a)}:d\éﬁjwj;&}} AT

s (o2 Jla 5o B s b GITT i)
got adsl bos sl e s Sl s gl
S 3 Goe Blkel 3 &S asle p i SLSTL s
a%YT@&@QL&;M\:,:WQL@:&mQM
s & Spon adis Gl S L sl
LGITT Jissa S gl 5 oid 485 i 5 aseis
OLSer 5 55) Ad awslis GFM igya oo >
b pss Jea ) WY O 5 an S agie Y0
& 93 Do pie Sobke g Jsl B L aliae 4yl
b g3 5 olds oy sl S L (gleais 0t YT
Todoes 5 0dd @35 i 55 sty g3 ausls 55 sline
SIS LGFM 5 GITT 555 53 o 5l dhols sl
Chle G ol )3 45 Sl S3a Y A el
g e 5ol Bl i (650 by ) 050
e 5 adsl L y3 Olojen S 51 (56 ST w5
53 Al e dn 95 auls 51y s Jled (slabad ot YT
4 dle 53 il 0L Sl g 5 Ll 8wl

A el 1) s 5 Ol S

3 adsl byd ) (S0 (ST s adsl dle N

ol Slojy 6 SN oy VT poin
b outeT sty (el o 5 Shas gy 5 4 Jlio 21 53
anls js adgl boa 5l aU chle olla GITT 5y,
o 4l S s ad gl b yb s gh e a5 (i 5
b ol 55 Gas doly 53 oduVT osle I oabeia
o Ll oki 3 8 s s 53 pre ez

Sl Sole adsl bod 4 by e w50

dx%®=%ﬁw—&ﬁw—%) OA)

23 VT 4l Jos 4 Ly o (S Zind0 Yo 5 Xo
ouju\,b);&;agucﬂ)\@.mt:o ol
Ll ok Blod aib 5 5 Vol el 55 (M)
55 aals 53 (S1) 63555 VT s IS Zotd 5o
ok o513 Olas ) Ko 55 $SSleds O ot adsl Lo

el sl Jponn s SVsles 5 (Gl
o VRAY () 55 a5 8 L35 55wl Slilows
@l Ser (N 5 M) (S b wr)s 5030 L
Colee S35 L w4 bl skl lale
JsS g5 IODE oBws o (511 s dal s fol
3,80 15 eslial 3540 ool (g3de Sla_bg, sl
bS ily el sl 4 e gl s, 6T Ole 5o o5
V8AF (68 L5 sl 5 5,08 o256 psler 43 0
Jsl byi 4 dol> ODE oSaws o sbhiea
by Ul adsl bod sl 1l U al s
r}.é‘)}TJbau\.ji&MC}QGITTJ))W&VQ

51 el Sske (€ (0)) adsl b s asily s

¢ (0) =\ﬁ f(x Y)Q, ; (%, y)dxdy (V%)

J> 6 ol ODE oews Cij(0) mils L Gl
(10 dal ) o\ ODE oaus Guioss o 55 .35 dal g
Fl S o ey 4 e USSRl Sy Sl ealizal b
Coun(1)) &Y sgome s S 53 oL ODE oS
51 IS s e sSs Jlae b Bl 3y dal s (€
Y syl Olgea N s M 038 i 55 54 aal,

Al Al cpens C(X, Y1) oabiael &8 55 S

\Y)

2 old gl el o o b5l shitess aslsl 5
2 wb s S ol Mos o L 0T 5 ol
B s b ek s lis (Gun 5 als o (GFM)

mj@bf'
S eslizal U o 2l mal s o S5l shites



Ab e 3 &gl b @il (o 0T JUist ;8w b 5 Gum 93 ddlas Moo J

)3@;@\5&)1@&9’4&‘{&5’5@‘13
OIS L el ok awlie LSS LY s
GITT (s b sl o a0 Lo (55555087 b o
I T N e

Wl o Olibn SOl 3 (6413 1 b glas Sl e
JEl 5 b & bape sl ol froves

.vU‘é.l.fil 45‘)‘ \ d)v\}- DL J‘J.A U’l‘ DL eu\.'o_'YT

R
» Sl c.x.:i\(Tc;a adss Sl L;_,fjla.!.bﬁf BIEYS
&Ua.a OTA.: Jaﬁf g!"LLJ ‘dﬂa\-&) okl &I, Y Jﬁ;

2(t —1800)2

o il Mos 5l ol clle gla, S

S1 (x4,=2km,y,;=1.5km)

A N S *r _
c(x, y.1=0)3—0(x—-x,)0(y—1,)
v n

T

Xo=500m,
Yo | @ Vo=300m
0 x, Xs1 L
L4l Lﬁ)l&:jﬂdﬁ.&@&ﬁ Casdge 4 by e ;S.TL»MJKM .\J.gi
sl
2 ]
=)
E N
2 3 4 5 6
t(hr)
Jsl e 52 S1 ;;,ﬂ@;,, o a4 by e Sl 6,501 S
ok T JEl 5 0L o slo il 0 by o slie N Jgutor
L w u \Y; h D, Dy M
(km) | (km) | (m/s) | (M/s) (m) | (m%s) | (m%s) | (kg/s)
A ¥ oY " ) Ve \ Ve




\f")mb\ G)M&fVO)})&W}Q{A}&S{J’é A

4000 T T T T T T T 3000
= > 5% > > -5 > > > > 5> > > = ~
t=3hr —= Velocity
3007575 » » 7 7 s v s s 7 7 \EGITT [
TEDGIM
30007 7 7 7 T T T T T T T T 2500 £

2500 /,/,/,/,//,/,/,/,

LS

S S S S S 3 4

2 2000 52000
il V7 7 = = = _=_= =T T T T T T T T T >
1500 F D 1
R (=)
000F - o o oo 1500

— —= Velocity

RV g g S S5 g g S 3 3 S5 3 35 3 35 35 3 S5 35 @GITT
EEDGEM
_z . _ . _ . _z 1000 . . .
0 1000 2000 3000 4000 5000 6000 7000 8000 2000 3000 4000 5000 6000
x(m) x(m)
4000 3500

=4nr
t=4hr

0L~ » > » 7 7 s r o s ]
300077/////////// 7 3000
2500 7 T T T T T T T T T ///t

N g S g E g
> B S R S P L S g g
1500

V7 = = 7 7 7 T T T T T T T T T T T T T 7
A 2000

=
2500

Yy

1000

= = 7 7 7 7 7 T T T 7

—= Velocity

CGITT

—= Velocity
500>~ ~ = 7 7 = 7 » 7 7 7 7 7 7 JCTOGITT [

EDGRM SEDGIM
_ . _ . el . — 1500
0 1000 2000 3000 4000 5000 6000 7000 8000 3000 7000
x(m) x(m)
M e e 4000 ‘ ‘ ‘
350 > > o o <
3500 -
3000 07 7 7 T
7 7 7 7T T T T T T T T T 7
2500 3000
Soo00f T | E)
= s rr v v _r 5

2500
1500 B
I S G S g S S g S 3 S S 3 3 & 4

1000

[r o v v o o v o >

—= Velocity 2000 —= Velocity
L COGITT K _ _ _ _ _ _ _ _|&>arrr
5007 7 7 = o - - - - = = = —m
= L =i L = L =d 1500 L L 1
0 1000 2000 3000 4000 5000 6000 7000 8000 4000 5000 6000 7000 8000
x(m) x(m)
4000 4000 T T

[ - 5 » 5 > 5% > >~ > % > > » > %

T
3500 | t=6hr / / / /‘ —= Velocity

=== = 7 7 7 7 7 7 7 T T 7 T 7 t=6hr @/{\)GITT
= SSOGRM

3000 7~ 7 7 T T T T T T T T T~ //< 3500
VS0 T T T T T T T T A A w7

| 7 7 7 7 r T _T _7 S
1500 - B
=7 7 7 T T T T T T T T T T T T T T T T

£ 2000
-

1000

L7 7 7 7 7 7 7 7 7 7 7 7 7 7 _7 Velocity A 2500 F

SO0 s |TDGITT |y

Z=5GEM P S . S S S S

0 = L = L = L =d 2000 ! L L

0 1000 2000 3000 4000 5000 6000 7000 8000 4000 5000 6000 7000 8000
x(m) x(m)

ke @ujdﬂwdlwww@&_,g@fu%\ Lo gl GFM s, b s = LGITT 55, U Ghles o 4l ¥ S

el Aol Uos = llas 5 Shes sdiasolis o S eslizal b chle gla, sl o SKs 4 a5 L
3 (R) Kower o b LT o asls ol posdle S b Mo e s GITT i, 5l deols  Jow

Sie Ad awbs 35 (MRE) Glae gl - SSls o Olds 3> Sl ¥ 50 F O ool 5> GFM
&Md”&wiapj&f‘j&zﬁw‘Jszg_ﬂf& ﬁ)b‘b}f»@%%gj‘}bdw.@‘oh—f@:@

)iJL:, S LT Cwsa (Ao V.A:‘Lw) YOS S Aol cble gla, s S glaob) Sl eSS
il e Joely 53 (Bl ol o) & s Glaie oSS Sl o o 5o



AV e 3 &gl b @il (o 0T JUist ;8w b 5 Gum 93 ddlas Moo J

95 5l BU chble giledus dol- cble b, slS
sl boi s el Gl b S L e NT e
5 @iy Moo o Sl eslizel L GLEL O s0n
GOl 53 sy Ol 13 CGFM g, 4 o >
LU les .ol o syl & S 55 el V 5 8 0 oF
G b SILS2 551 e (.i,;,;‘u ¢ S
Sosen sl bidoeless oSG L Gl
A 5 eslimal b oaels s o Sas o3l SLSU adse
5ol Chle gla, IS 5 odal Cwsay ool 95
i gk KoK Sl fel, 53
e sl Sl 5 )y (R (Sen
st (Lpys rm@) Loy /0 5 S 55 (MRE)
3ty b ol 5 Slee KL S LT
© 59 adyl gacsls ;58 KoL lhe b
ola b Wl b s Chle 0Ll S Cela
(ST 5 plralr skl Sbosy by Cs X L
b iy 5 038 IS b s (ST
b g alS Lo 55 ke 0L GOl
§ 50 ghcele 5 dol chle g, 28 kg
T aels Sl Ty Ce e la s S 0 o
IS 3 e @iyl ke (glay IS 4 a5 L s e
Gl 53 o gl gl ol ol s Gl 8
D35 s S GFM s, L bl o o
5 Sl ooy Llyd 3 GITT sy b = 5 Ses

s oo OLES 15 0T 3 5,18 (VL b 5 (5 by Oollansl

:
5 —Sl1
N s2
it
4r !\‘
~ 1
< RV
23 i ,"~ A
= PNy
s R S
Za L i
P
i \
1r : \
! A
/‘—" \
0 , , A . . .
0 1 2 3 4 5 6 7
t(hr)

5> aals 55 82 5 SL glebai sd VT slin aloss & Lo Sl sla S 0 K&

.pa JL?.»

bl oL T F S cele o S L Glkas
5 osb chle gl 850 B 5wVl Lo
VT ate 51 (36 (S JT ol 555 sl b s el
Sbeow Ol CtdE Ll oo 5 a4 548 S
53t ST pl ((FaSy oy 5 0k s s
sadsl bos 5l b ST 51 Cele s 548
plesl oa by oty a4 cslabi o VT s
Aboos ST b cad8 L bl 5 350
bl 53 b e 5 S Slgz 53 SAST, fole
S 53 ST s asl nels chle 0bsl S eus

sadsl bys 3 b (ST w5 tpss dlie X-F
atal glej a1 b 0T e 33

shile @olgdey Mow = (2Ll 4 Jbe al 5o
ol Gl gl S L same 0 an YT gl Sk
LS2 ;81 a.\.’iYTc.ujb Lly opl 53 558 o0 als 5
A F S s el el Olis SIS glacand g
b5 353558 0 VT oske p o e ol ok w5
bl 5 0L daul b 4y bss o p3lie ol pan 4 4
el Jgl e 3olas 0 YT esle Jla!

5 SL ot VT wlio i & by o Slaj sla Sl 5
72 0SS L Gillas .l 0 03l OIS 0 S 3 S2

ple alis Gl G S Gl peia Gl ab

.J)L;U S99 S2 K S1 L;\édzj; ou\.'\i‘}ﬂi
W
lszixhg—_‘»_ikm_ ¥a=2.5km)
S1 (x;=2km,y,,;=1.5km)
clx,yr=0)= %r‘i(.\' =X, )0 (V= ¥, ) 4

1

Yo | ® (x;=500m, y,=500m) ]—> X
0 X)

gl bys )

L

n.\l\in 39,8 QJKA g;.:,é}a}SZJSl 614.1@5‘_? AJL.:YT CL.»: O_’b/\a Cod ge .YJS.:J



4000 ; ; ; ; ; ; ;
3500 |-
3000
2500
2000 F

1500

500

Vfen )‘4—]6\ G)L«.:lbfv 0)}}6\-&3}&:&)‘5&)’1}:

Lr rrrr v v r 7|

0000 o o o o oo e e e o _
—= Velocity
R PPl g P O P [<>>Tc)uy il &
EDGM
ozz o ~ e 7 Lz 7 = = —r
0 1000 2000 3000 4000 5000 6000 7000 8000
x(m)

000
500
000
500
000
500
000

500

=X

t=shr /

D

T T T T T T T T T T T 7

777 77T T T T T T T T T T T T T T

=

7/”i/”i/’i/’{/’/’,/’i/’t/’t/t/{/{/’t/t/t/t/{/{/{/
— Velocity
e [<>>Yc Iy 5

SEDGEM

” / ~ 7 77 / ” 7 ~ / ” 7 :/(G =

0 1000 2000 3000 4000 5000 6000 7000 8000
x(m)

000
500
000

500

500

000~

500

0 1000

1000

3500

3000
2500
2000
1500
1000

500

T T T T T T
> 5> > > 5 > > > 5 > >
t=6hr

T T T T _T_T_T_T_T_T_T_T_T_T

Lo > > o v v 7 7 > 7 7 7 _7

T 7

| 7 7 7 7 m m T T _T T _T
T T T T T T T T T T T T T T T _T_T_7

T T

| 7 7 7 7 m m T T _T T _T

7T T T T T T T T T T T T T - "
= Velocity
CGITT [

TEDGEM
=

Lo > o o v v 7 _r o T T

T T 7,

2000

o
3000 4000
x(m)

7 T

5000 6000

7000 8000

T T T T T T T
T T T T T T T _ T 7 _T_T_T_7T T

- =Thr _~_~_~

B T P S g 4
S PP G g e P P
g g G P g g e
7T T T T T T T T T T 7 7 |

TP P g O

T T T T T _T_T_T_T_T_T_T_T_T

T 7 T 7 T 7

e

—= Velocity

COGITT [
EEDGEM
-

[SESE S S S S 3 S 3 S 3 S 3 3 2 4

= L
3000 4000
x(m)

4 .
5000 6000

i .
0 1000 2000

7000 8000

AA

3000

=
2500

2000

T T T T
= = = =

t=4hr

e A

1500 = Velocity ||
T T T T T T T T _ T GITT
TEDGRM
1000 . : . .
3000 4000 5000 6000 7000 8000
x(m)

////////@GITT

— Velocity |

SEDGIM
500 ! ! !
4000 5000 6000 7000 8000
x(m)
1000
= = =
t=6hr
S0
000 = __—=
= =
1500 F —— -
—= Velocity
CTGITT B -
1=>emn | — = = = = =
1000 : :
5000 6000 7000 8000
x(m)
4000
- -
3500 - _
3000 ——
= Velocity
T GITT
TEDOGM
2500 & -
6001 7000 8000
x(m)

s Jie 53 CelaV 58 0 F st 53 GFM Ubs 1o LGITT L Ubs o el 51 abosls clile sla, 55 8 05

Sl 185 ST lasl dslee Jow la > Ll
ad s (83 Gl e el (5 e
9 o..f\..in Jls! “""'i‘)’ Lg\.h_};'.cb\{ u::.x.}' 4Ja.:>r.a BE) cble

ST 5Lzl 5 Jt filue oS oS58 g 5 s

‘s;fw f

b bawg (ST e 53 i oS T gl
o 31 gl ls S1E VT sl Glos 8
Coolt ol g 5o el VT lsl 5 a5

555 s 2T Gl i 5 ladilisg, SunVis e



A} e 34l b i il (B3 JT Sl JE Wk 18 5 sum 95 ks Julow J>

ot YT Ele s adsl by 6t s 1y ol s
Jo a0l il e G SN suaze (glabois
5 @I Sen L 5 5 G ] 3 (3l Mo
G4 o d o sl > Shes Slnlows 450
s o 5 el w1l (o - 13,15 GFM
ol 53 (S JT JUisl dslan s (say 33 - o
24 Wb S SS 5 JE b O sl L)
Lwyf,é,bQL@z,>daw5ur;@uoT
&g,gJ\L;)}Tjd;w&;ﬁmbu.‘o}@uu
o) ¢SS 0lsea GITT gy 5l eslizul o sdle 4 .l
o glAel Lgy 5o ¢ el OVYslas Jo 53 op
Srmen A3l o G ol 3 6555 5 6K 4
Sledde U5 5 adsl b b 4 by o wl O3 ol g5
S5 S g5 oL gl ou VT mlis sdze sl
oSl G (sl ol Sl (el b plate) alsns
Bl 53 0T 51 eslizal 0lSG1 & o3 S e o
YL CEs 5 S Glals wiia S0 b S6o 8
STy 5l 6K sl Kby 5 das e 0L
©olgriy Mow o 0T posMe .ol okl &1yl
S ewlos jsha 3,8 b 5 LS
) @ 95 sbaanls 53 edomy Ll b 55 (o3de
03 Llg e olgriy Jdou o uemes el ls
(ol ol ST Sl dolas ol i &S (53,040
(o sl > 15 sd esde gl oKl
S Ole s 5 oMbl b 5l SIS 5 035 5 G

.vU)\.Ul)M@-l‘,AL@JTLZLngLgLA&

&lr

Ara, M. M. and Liao, B., 1996, Analytical
solutions for two-dimensional  transport
equation with time-dependent dispersion
coefficients,,  Journal of  Hydrologic
Engineering 1(1), 20-32.

Basha, H., 1997, Anayticd model of two-
dimensional dispersion in laterally
nonuniform axial velocity distributions.,
Journal of Hydraulic Engineering 123(10),
853-862.

s, aallln 3550 Lasee aals ST Loyl b Cou s
S 53 G K ladde 1 eslizal o80T (il
Sl 3lge cpl 5 s oles s L CLile
Sl o G a1 5355 oslisel (subn 53 (sladie
35 ST Jasl doles JE Ll o 5 G 55 Sy 50
VT sl 5 S adsl bod (glilay 3 gdon auals
s 3l eslizal b (el ey (sla SN L suaie (slalads
s lin b ahol Mo Jo b5l AT Cawsas GITT
Jbe 95 55 GFM i) b s o b 5 Sde
b ate &S g5 Jol Jle 55 . pln Blax b
st g3 Jle 3 s Aadailss 5 e Slos s S L
23 olgiy J glagtly SIS 0ol Ol
ol gids Sl sl K b saaze 0 YT e @ledie
wals s ool Glo sl SN L glalads oy VT o 9
o3l a3 Oy ot adsl b3 Jle 53 a5 i Llsd
53 Al 3 cpme Slaambes b das &K 5 0 VT ¢St
Jo awslis jl dol> Lo gla, w8 s S L
035 Gt Ku e 53 8 ;5GFM > L dhsl>
O 1y ok gl pual (Mlos o e 5> Shas
Sl el jiolie ¢ oS 251 skateas romen sl
s Sl Kl 5 () (Koan o U7
3 ol Koesed b i s 4wl 35 (MRE)
Paoz) hoys /0 Sl S e sl KoL
Shlos e 5 Sles G & T Casa (Ao
slos oS ol Sia oY S e uol ) oleiiy
B R T B
Lyl 55 Glasl 43,19 1) (el o)1 slas 351 s
Jo sl Oollasl o plosl 551 il e Slnlone
Cassol, M., Wortmann, S. and Rizza, U., 2009,
Analytic modeling of two-dimensional
transient atmospheric pollutant dispersion by
double GITT and Laplace Transform
techniques., Environmental Modelling
Software 24(1), 144-151.
Chapra, S. C., 1997, Surface water-quality
modeling, McGraw-Hill New Y ork.

Chen, J. S, Chen, J. T,, Liu, C. W.,, Liang, C. P.
and Lin, C. W., 2011, Analytical solutions to



VEee Sle QL&)J‘VU)J&W}W}A&H Q.

two-dimensiona advection—dispersion
equation in cylindrical coordinates in finite
domain subject to first-and third-type inlet
boundary conditions., Journal of Hydrology
405(3-4), 522-531.

Chen, K., Zhan, H. and Zhou, R., 2016,
Subsurface solute transport with one-, two-,
and three-dimensional arbitrary  shape
sources., Journal of contaminant hydrology
190, 44-57.

Costa, C. P., Vilhena, M. T., Moreira, D. M. and
Tirabassi, T., 2006, Semi-analytical solution
of the steady three-dimensional advection-
diffusion equation in the planetary boundary
layer., 40(29), 5659-5669.

Cotta, R. M., 1993, Integra transforms in
computational heat and fluid flow, CRC Press.

Cotta, R. M., Knupp, D. C. and Naveira Cotta, C.
P., 2016, Analytical heat and fluid flow in
microchannels and microsystems, Springer.

Cotta, R. M. and Mikhailov, M. D., 1997, Heat
conduction:  lumped anadysis, integral
transforms, symbolic computation, Wiley
Chichester.

De Almeida, G. L., Pimentel, L. C. and Cotta, R.
M., 2008, Integral transform solutions for
atmospheric pollutant dispersion.,
Environmental Modeling Assessment, 13(1),
53-65.

De Barros, F. P., Mills, W. B. and Cotta, R. M.,
2006, Integral transform solution of a two-
dimensional model for contaminant dispersion
in rivers and channels with spatialy variable
coefficients,,  Environmental Modelling
Software 21(5), 699-709.

De Barros, F. P. and Cotta, R. M. J., 2007,
Integral transforms for three-dimensional
steady turbulent dispersion in rivers and
channels., Applied Mathematical Modelling
31(12), 2719-2732.

Guerrero, J. P., Pimentel, L. C., Skaggs, TH. and
Van Genuchten, M. Th., 2009, Analytical
solution of the advection—diffusion transport
equation using a change-of-variable and
integral transform technique., International
Journal of Heat Mass Transfer 52(13-14),
3297-3304.

Mashhadgarme, N., Mazaheri, M. and

Mohammad Vali Samani, J., 2017, Analytical
solutions to one- and two-dimensional
Advection-Dispersion-Reaction equation with
arbitrary source term time pattern using
Green's function method., Sharif Journal of
Civil Engineering, 33-2, 77-91.

Sanskrityayn, A., Singh, V., Bharati, V. K. and
Kumar, N., 2018, Analytical solution of two-
dimensional advection—dispersion equation
with spatio-temporal coefficients for point
sources in an infinite medium using Green's
function method. Environmenta  Fluid
Mechanics 18(3), 739-757.

Van Genuchten, M. Th,, Leij, F. J,, Skaggs, T. H.,
Toride, N., Bradford, S. A. and Pontedeiro, E.
M., 2013, Exact analytical solutions for
contaminant transport in rivers 1. The
equilibrium advection-dispersion equation.,
Journal of Hydrology Hydromechanics 61(2),
146-160.

Wortmann, S., Vilhena, M. T., Moreira, D. M.
and Buske, D., 2005, A new anaytica
approach to simulate the pollutant dispersion
inthe PBL., 39(12), 2171-2178.

Xu, Zh., Travis, J. R. and Breitung, W., 2007,
Green's Function Method and Its Application
to Verification of Diffuson Modes of
GASFLOW  Code, Forschungszentrum
Karlsruhe.

Yadav, R. and Jaiswal, D. K. J. , 2012, Two-
dimensional solute transport for periodic flow
in isotropic porous mediaz an analytica
solution.,, Hydrological  Processes. An
International Journal, 26(22), 3425-3433.

Yadav, R. and Kumar. L. J, 2019, Solute
Transport for Pulse Type Input Point Source
along Temporally and Spatially Dependent
Flow., Pollution, 5(1), 53-70.

Yeh, G. T., 1981, AT123D: Analytical transient
one-, two-, and three-dimensional simulation
of waste transport in the aquifer system, Oak
Ridge National Lab., TN (USA).

Zoppou, C. and Knight, J. J., 1999, Analytical
solution of a spatidly variable coefficient
advection—diffusion equation in up to three
dimensions., Applied Mathematical
Modelling, 23(9), 667-685.



Journal of the Earth and Space Physics, Vol. 47, No. 1, Spring 2021, P. 6

An Analytical solution to two-dimensional unsteady pollutant transport equation with
arbitrary initial condition and sourceterm in the open channels

Mashhadgarme, N.', Mazaheri, M. and Mohammad Vali Samani, J.2

1. Ph.D. Student, Department of Water Structures, Tarbiat Modares University, Tehran, Iran
2. Assistant Professor, Department of Water Structures, Tarbiat Modares University, Tehran, Iran
3. Professor, Department of Water Structures, Tarbiat Modares University, Tehran, Iran

(Received: 25 Aug 2019, Accepted: 24 Jan 2021)

Summary

Pollutant dispersion in environment is one of the most important challenges in the world. The
governing equation of this phenomenon is the Advection-Dispersion-Reaction (ADRE) equation. It
has wide applications in water and atmosphere, heat transfer and engineering sciences. This
equation is a parabolic partial differential equation that is based on the first Fick's law and
conservation equation. The applications mathematical models of pollution transport in rivers is
very vital. Analytical solutions are useful in understanding the contaminant distribution, transport
parameter estimation and numerical model verification. One of the powerful methods in solving
nonhomogeneous partial differential equations analytically in one or multi-dimensional domainsis
Generalized Integral Transform Technique (GITT). This method is based on eigenvalue problem
and integral transform that converts the main partia differential equation to a system of Ordinary
Differential Equation (ODE). In this research, an analytical solution to two-dimensiona pollutant
transport equation with arbitrary initial condition and source term was obtained for afinite domain
in the rivers using GITT. The equation parameters such as velocity, dispersion and reaction factor
were considered constant. The boundary condition was assumed homogenous. In this research, the
source term is considered as point pollutant sources with arbitrary emission time pattern. To
extract the analytical solution, the first step is choosing an appropriate eigenvalue problem. The
eigenvalue must be selected based on Self-Adjoint operator and can be solved analytically. In the
next, the eigenfunction set was extract by solving the eigenvalue problem with homogenous
boundary condition using the separation of variables method. Then the forward integral transform
and inverse transform were defined. By implementing the transform and using the orthogonality
property, the ordinary differentia equation system was obtained. The initial condition was
transformed using forward transform and the ODE system was solved numerically and the
transformed concentration function was obtained. Finally, the inverse transform was implemented
and the main analytical solution was extracted. In order to evaluate the extracted solution, the
result of the proposed solution was compared with the Green’s Function Method (GFM) solution
in the form of two hypothetical examples. In this way, in the first example, the initial condition
function as an impulsive one at the specific point in the domain and one point source with the
exponential time pattern were considered. In the second example, the initial condition was similar
to the first example and two point sources with irregular time pattern were assumed. The final
results were represented in the form of the concentration contours at different times in the velocity
field. The results show the conformity of the proposed solution and GFM solution and report that
the performance of the proposed solution is satisfactory and accurate. The concentration gradient
decreases over time and the pollution plume spreads and finaly exits from the domain at the
resultant velocity direction due to the advection and dispersion processes. The presented solutions
have various applications; they can be used instead of numerical models for constant- parameters
conditions. The analytical solution is as an exact, fast, ssimple and flexible tool that is conveniently
stable for al conditions; using this method, difficulties associated with numerical methods, such as
stahility, accuracy, etc., are not involved. Also because of the high flexibility of the present
analytical solutions, it is possible to implement arbitrary initial condition and multiple point
sources with more complexity in emission time patterns. So it can be used as a benchmark solution
for the numerical solution validation in two-dimensional mode.

Keywords: Pollutant transport equation, initial condition, point sources, arbitrary time pattern,
Generalized Integra Transform Technique, finite domain.
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